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This work presents a consistent formulation of the structural phase-field-crystal model of sub-
stitutional binary alloys that allows for the description phases of unequal densities, a key feature
in solidification. We further develop the dynamics of the model to be consistent with conserved
Langevine dynamics in the true governing species densities. Additionally, this work expands on the
ability to control pressure, so far only implemented in pure materials, to binary alloys by improving
the control system that controls pressure from previous work. We study the equilibrium properties
of the new model, and demonstrate that control of pressure can drive various kinematic microscopic
processes in materials such as grain boundary pre-melting, phase instability, and grain or inter-phase
boundary motion.
I. INTRODUCTION
The macroscopic material properties of engineering al-
loys have long been understood to arise out of a com-
plicated relationship to the microstructure that forms
during the casting and thermomechanical processing of
a material. However, due to the prohibitive difficulty of
directly imaging or performing in situ measurements dur-
ing these processes the understanding of the microstruc-
tural formation is often empirical.
Advances in the ability to predict microstructure have
been largely driven by atomistic and mesoscale phase
field type modelling. One such class of models are so-
called Phase Field Crystal (PFC) models [1]. These
are phase field models with a periodic order parameter,
which allow the resolution of atomic-scale structure and
defects that evolve on inherently diffusive time-scales.
These class of models thus have many of the complex
physical mechanism that need to be built into traditional
phase field models such as strain relaxation, elasticity,
and arbitrary grain orientation, which arise holistically
from the form of a PFC free energy [2]. The ability to
model robust types of crystal structures beyond that pos-
sible in the original PFC model has since led to a class of
PFC models referred to as Structural Phase Field Crystal
(XPFC) models [3–5], the alloy version of which was then
expanded upon to model arbitrary enthalpy of mixing by
Smith et al. [6].
A key feature absent from past PFC models has been a
consistent description and control of bulk density or vol-
ume changes between phases. This is a crucial prerequi-
site required of any model describing shrinkage and void
formation during rapid solidification, as well as free sur-
face creation under stress. Kocher et al. [7] have recently
addressed this issue in pure materials by considering
coexistence in pure materials in density(ρ)-pressure(p)-
temperature(T ) space, and by introducing a gaseous
phase to allow a more complete description of possibilities
enabled by large bulk volume/pressure changes. The first
step toward controlling the ρ-p-T space, a vapour forming
binary alloy has been attempted by Wang et al. [8] us-
ing a phenomenology that interpolates the free energy of
a simple triangular-forming crystal phase with a liquid-
vapour system through changes in local bulk density. The
dynamics of this vapour-forming PFC model, like all pre-
vious PFC models, suffers from the fact that density and
concentration evolve as separate conserved fields. These
dynamics are incorrect when large bulk density changes
are allowed, which is the case in solidification processes.
In this paper we address the issue of consistently de-
scribing the density-pressure-temperature-concentration
(ρ-p-T -c) space of complex binary alloys and their dy-
namics in the paradigm of the the XPFC alloy model of
Smith et al. [6]. We begin by reinterpreting the fields
of the XPFC free energy. We then generalize some of
the ideas of Kocher et al. to control density-pressure-
temperature-concentration space of a binary system that
can form different crystal phases. Moreover, by connect-
ing solute concentration (c) and total density (ρ) to the
individual species densities of a binary system ρA, ρB ,
we introduce alloy dynamics for total density ρ and con-
centration c that is consistent with the conservation of
individual species densities.
The remainder of the paper is organized as follows.
Section II reviews the derivation of the original XPFC
alloy model of Greenwood et al. [5], highlighting re-
cent improvements regarding the enthalpy of mixing.
In Sec. III, we re-introduce the definition of concentra-
tion (c) in the XPFC alloy model such as to be con-
sistent with the notion of a smooth c field that is cou-
pled to a microscopic density. The dynamics of the alloy
XPFC model are then re-formulated in terms of indi-
vidual species densities of the binary alloy. This sec-
tion also introduces algorithms for implementing pres-
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2sure and volume changes during dynamical simulations.
Sec. IV then studies the equilibrium properties of the re-
formulated XPFC alloy model in density(ρ)-pressure(p)-
concentration(c)-temperature(T ) space. The demonstra-
tion of the model in effecting pressure controlled kine-
matics is shown in Sec. V, while the application of the
model to solute drag is located in Sec. VI. We conclude
in Sec. VII.
II. XPFC MODEL OF BINARY ALLOYS
The binary XPFC alloy model has been established
for several years as a PFC phenomenology for simulating
substitutional binary alloys that crystallize into a wide
range of crystalline symmetries alloys [1, 9–18]. As with
any PFC theory, it can be derived from classical density-
functional theory of mixtures, where the density fields of
the two components ρA and ρB are transformed accord-
ing to the following relations
n =
ρA + ρB − ρ0
ρ0
c =
ρB
ρA + ρB
(1)
where n is the total mass density, c is the concentration of
the B component, and ρ0 = ρ
0
A+ρ
0
B is the total reference
density around which the theory is nominally expanded.
A key assumption of the XPFC alloy theory is to assume
that the c field is locally smooth compared to n in order
to arrive at the free energy in Eq. (2). This makes it
possible to couple the microscopic density field n to only
the long wavelength properties of concentration c, as tac-
itly reflected in form of the XPFC alloy model reviewed
below.
With the variable transforms and assumptions stated
above, the free energy functional for an XPFC binary
alloy becomes
∆F
ρ0kBT
=
∫
d3r
{n
2
(1− Cnn∗)n− t
6
n3 +
v
12
n4
+ w(n+ 1)Smix − 1
2
c Ccc ∗ c
}
,
(2)
where we have introduced the notation A ∗ B to repre-
sent a convolution operation, while t, v, and w are phe-
nomenological fitting parameters, and Smix is the entropy
of mixing, given by
Smix = c ln
(
c
c0
)
+ (1− c) ln
(
1− c
1− c0
)
, (3)
where c0 is a reference concentration ρ
0
B/ρ0. Ordering in
the total mass density are controlled through the direct
correlation function Cnn, which has the form
Cnn(|r − r′|) =
∑
i∈N
ξi(c)Ci(|r − r′|), (4)
where N sums over an arbitrary number of ordered
phases possible and Ci encodes for the density ordering
of the phase i. Equation (4) allows for changes in crys-
tal structure between phases by coupling each Ci to the
local composition c, via the functions ξi(c). One such in-
terpolation function for eutectic alloys was proposed by
Greenwood et al. [5] as
ξA(c) = 1− 3c2 + 2c3 ,
ξB(c) = ξA(1− c) ,
(5)
and will be used throughout the remainder of the paper
paper.
In XPFC models, the short wavelength properties of
the correlation functions Ci are controlled in Fourier
space by superimposing a series of Gaussian peaks of the
form
Ci(k) =
∑
i
e
− TTM e
− (k−ki)2
2σ2
i , (6)
where the bar over the sum denotes taking the maximal
value of the Gaussians wherever there is overlap, TM is
the melting temperature, ki = 2pi/λi where λi is the
wavelength of the given crystallographic plane, and σi is
the width of the Gaussian, which is related to the elas-
ticity of the crystal. To the sum of Eq. (6) can also be
added a negative k = 0 peak that can further be used to
control the compressibility of emerging solid phases.
In the model of Eq (2), correlations in concentration
fluctuations are controlled through Ccc(|r − r′|). In the
long-wavelength limit, Smith et al. [6] proposed a form
for Ccc given by
Ccc(r − r′) = −w(T )δ(r − r′)−Wc∇2δ(r − r′) . (7)
Applying the divergence theorem, under suitable bound-
ary conditions, to the Ccc term in Eq. (2) yields a more
familiar form of the XPFC binary alloy free energy func-
tional,
∆F
ρ0kBT
=
∫
d3r
{n
2
(1− Cnn∗)n− t
6
n3 +
v
12
n4
+ w(n+ 1)Smix +
1
2
Wc|∇c|2
+
1
2
w(T )(c− c0)2
}
.
(8)
Equation (8) contains energy penalties for concentration
gradients as prescribed by Cahn and Hilliard [19], as well
as the leading order enthalpy of mixing contribution.
III. IMPROVEMENTS TO THE
CONSISTENCY OF THE XPFC ALLOY MODEL
The free energy as derived in Sec. II, and its dynam-
ics, have been shown to qualitatively reproduce a host of
physical phenomena [1, 9–18]. The model has been espe-
cially convenient for calculating equilibrium properties of
3systems, since n and c are the natural variables used in
physical metallurgy. However, when considering dynami-
cal process, particularly those accompanied by significant
density changes, difficulties arise from the use of these
variable due to the fact c is not truly a conserved field
and as such is not governed by conserved Langevin dy-
namics. Strictly speaking, the conserved variables of our
system are ρA and ρB . Another problem with the XPFC
alloy model is that it tacitly assumes that the concentra-
tion c field is smooth, although small spatial oscillations
do in fact develop in it in some processes. These issues
are both addressed next.
A. Re-Defining XPFC Concentration
In order to derive dynamics for this system in the gov-
erning density variables of ρA and ρB of components A
and B, respectively, we revisit the underlying assumption
made in the original derivation of Greenwood et al [5].
Therein, a critical explicit assumption was the smooth-
ness of the c-field, which implies the substitutional nature
of the alloy model. In doing so, it allowed the simplifica-
tion of convolution integrals involving c. These assump-
tions, and consequent manipulations of the free energy
ensured the impossibility of a return to a ρA–ρB formu-
lation due to the information lost in the smoothing pro-
cess. To rectify this, while maintaining a connection with
the variables c and n, we consider the relationship that
already exists between n and c and ρA and ρB . Namely,
we insist on the smoothness of the concentration field by
positing a relationship of the form
c ≡ χ ∗ ρB
χ ∗ (ρA + ρB) (9)
where χ is a smoothing kernel that retains long wave-
length information of the field upon which it operates.
This is similar to the use of smoothing kernels employed
by Kocher et al. [7] and is defined in reciprocal space as
χ˜(k) ≡ e− k
2
2λc , (10)
where λc sets the cutoff wavelength. Moreover, this defi-
nition of c also recovers the equilibrium definition of con-
centration as a bulk quantity.
We make the further improvement of scaling the free
energy by a reference temperature instead of the model
temperature, as was done by Kocher et al. [7]. This in-
troduces a factor of reduced temperature τ = T/T0 in
the free energy functional, according to
F
ρ0kBT0
= τ
∫
d3r
{n
2
(1− Cnn∗)n− t
6
n3 +
v
12
n4
+ w(n+ 1)Smix +
1
2
w(T )(c− c0)2
+
1
2
Wc|∇c|2
}
+ τF¯ (ρ0, c0),
(11)
where Eq. (11) also retains the free energy of the refer-
ence fluid, F¯ (ρ0, c0). This term will be largely neglected
throughout this paper as it will not affect either the phase
diagram or the dynamics; its primary importance is in
quantifying the reference pressure of our system.
B. Model Dynamics
With the reformulation of the concentration intro-
duced in Sec. III A, the dynamical evolution of the alloy
system may be calculated with respect to its governing
variables ρA and ρB . Namely, conserved dynamics in
these fields follow
∂ρi
∂t
= ∇ · (Mi∇µi) ≈Mi∇2
(
δF
δρi
)
, (12)
where Mi is the mobility of the constituent density, as-
sumed for simplicity to be a constant here, and µi is the
chemical potential of the constituent. The chemical po-
tential is calculated from the (n, c)-based free energy by
means of the functional chain rule
δF [n, c](r′)
δρi(r)
=
∫
d3r′′
[
δn(r′′)
δρi(r)
δF [n, c](r′)
δn(r′′)
+
δc(r′′)
δρi(r)
δF [n, c](r′)
δc(r′′)
]
.
(13)
Evaluation of this chain rule gives the respective chemical
potentials of each species as
µA
ρ0kBT0
= τ
{
(1− Cnn) ∗ n(r)− t
2
n2(r) +
v
3
n3(r) + w
(
c(r) ln
(
c(r)
c0
)
+ (1− c(r)) ln
(
1− c(r)
1− c0
))}
− τ
∫
d3r′′χ(r′′ − r) c(r
′′)∫
d3r′′′χ(r′′′ − r′′)(n(r′′′) + 1) ×
[
w(n(r′′) + 1)
(
ln
(
c(r′′)
c0
)
− ln
(
1− c(r′′)
1− c0
))
+ w(T )(c(r′′)− c0)−Wc∇2c(r′′)
]
+
τ
2
∫
d3r′′χ(r′′ − r) c(r
′′)∫
d3r′′′χ(r′′′ − r′′)(n(r′′′) + 1)n(r
′′)
∫
d3r′n(r′)
∂Cnn(r
′, r′′)
∂c
,
(14)
4µB
ρ0kBT0
= τ
{
(1− Cnn) ∗ n(r)− t
2
n2(r) +
v
3
n3(r) + w
(
c(r) ln
(
c(r)
c0
)
+ (1− c(r)) ln
(
1− c(r)
1− c0
))}
+ τ
∫
d3r′′χ(r′′ − r) 1− c(r
′′)∫
d3r′′′χ(r′′′ − r′′)(n(r′′′) + 1) ×
[
w(n(r′′) + 1)
(
ln
(
c(r′′)
c0
)
− ln
(
1− c(r′′)
1− c0
))
+ w(T )(c(r′′)− c0)−Wc∇2c(r′′)
]
− τ
2
∫
d3r′′χ(r′′ − r) 1− c(r
′′)∫
d3r′′′χ(r′′′ − r′′)(n(r′′′) + 1)n(r
′′)
∫
d3r′n(r′)
∂Cnn(r
′, r′′)
∂c
.
(15)
We draw particular attention here to the terms premul-
tiplying the interpotential µinter = δF/δc, which demon-
strate why Eq. (9) must be written with smoothing ker-
nels in both the numerator and denominator. If a single
smoothing kernel is used which acts on the traditional
definition of the concentration, this prefactor will have a
term which goes as 1/(n(r) + 1) which can result in nu-
merical instabilities due to the oscillations in the n field.
C. Dynamical Pressure Control and Volume
Dynamics
To describe pressure changes during dynamical simu-
lations, we follow the work of Kocher et al [7] and utilize
the grand potential density as an approximation for sys-
tem pressure, thus allowing for isobaric or pressure con-
trolled systems. The grand potential density is defined
as
ω =
1
V
∫
V
d3r
(
f −
∑
i
µiρi
)
, (16)
where f is the free energy density of the multi-component
alloy. Specializing to a binary alloy, the grand poten-
tial density can now be calculated using Eqs. (11), (14),
and (15). Generalization to a multi-component alloy is
straightforward.
For single component systems Ref. [7] used a two step
process. The first step is a mass conserving flux of the
form
Jn = −n0(t) + n0(t0)
(
∆x(t0)
∆x(t)
)d
, (17)
where ∆x is the side length of the volume element, which
is assumed to be a d-cube where d is the dimensionality
of the system, t is the simulation time, t0 is the initial
time and n0 is the global average density of the system.
This flux is added to each volume element. The second
step is changing the volume element with a proportional
feedback loop defined as
∆x(t) = ∆x(t−∆t) + ∆tMp
d(∆x)d−1
(ω − P0) . (18)
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<latexit sha1_base64="6HQ2KjGRfzJdf2xhoY790p6z59I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCvYD21A22 027dLMbdjdCCf0XXjwo4tV/481/4zbNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3r7p/0NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSo89NZLoGnnuVb9a81wvB1omfkFqUKDRr371BpKkMRWGcKx11/cSE2RYGUY4nVZ6qaYJJm M8pF1LBY6pDrL84ik6scoARVLZEgbl6u+JDMdaT+LQdsbYjPSiNxP/87qpiS6DjIkkNVSQ+aIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLEh+IsvL5PWmet7rn9/XqvfFHGU4QiO4RR8uIA63EEDmkBAwDO8wpujnRfn3fmYt5acYuYQ/sD5/AGsFI+X</latexit><latexit sha1_base64="6HQ2KjGRfzJdf2xhoY790p6z59I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCvYD21A22 027dLMbdjdCCf0XXjwo4tV/481/4zbNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3r7p/0NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSo89NZLoGnnuVb9a81wvB1omfkFqUKDRr371BpKkMRWGcKx11/cSE2RYGUY4nVZ6qaYJJm M8pF1LBY6pDrL84ik6scoARVLZEgbl6u+JDMdaT+LQdsbYjPSiNxP/87qpiS6DjIkkNVSQ+aIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLEh+IsvL5PWmet7rn9/XqvfFHGU4QiO4RR8uIA63EEDmkBAwDO8wpujnRfn3fmYt5acYuYQ/sD5/AGsFI+X</latexit><latexit sha1_base64="6HQ2KjGRfzJdf2xhoY790p6z59I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCvYD21A22 027dLMbdjdCCf0XXjwo4tV/481/4zbNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3r7p/0NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSo89NZLoGnnuVb9a81wvB1omfkFqUKDRr371BpKkMRWGcKx11/cSE2RYGUY4nVZ6qaYJJm M8pF1LBY6pDrL84ik6scoARVLZEgbl6u+JDMdaT+LQdsbYjPSiNxP/87qpiS6DjIkkNVSQ+aIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLEh+IsvL5PWmet7rn9/XqvfFHGU4QiO4RR8uIA63EEDmkBAwDO8wpujnRfn3fmYt5acYuYQ/sD5/AGsFI+X</latexit><latexit sha1_base64="6HQ2KjGRfzJdf2xhoY790p6z59I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCvYD21A22 027dLMbdjdCCf0XXjwo4tV/481/4zbNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3r7p/0NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSo89NZLoGnnuVb9a81wvB1omfkFqUKDRr371BpKkMRWGcKx11/cSE2RYGUY4nVZ6qaYJJm M8pF1LBY6pDrL84ik6scoARVLZEgbl6u+JDMdaT+LQdsbYjPSiNxP/87qpiS6DjIkkNVSQ+aIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLEh+IsvL5PWmet7rn9/XqvfFHGU4QiO4RR8uIA63EEDmkBAwDO8wpujnRfn3fmYt5acYuYQ/sD5/AGsFI+X</latexit>
Nright = 0.05
<latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJ cRBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ= =</latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJ cRBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ= =</latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJ cRBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ= =</latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJ cRBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ= =</latexit>
Nleft = 0.45
<latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7W dIaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA= =</latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7W dIaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA= =</latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7W dIaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA= =</latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7W dIaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA= =</latexit>
Ntotal = 0.5
<latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GV HAqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</l atexit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GV HAqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</l atexit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GV HAqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</l atexit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GV HAqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</l atexit>
=)
<latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5 k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi 6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="yCxg0EP//Xodg8iY0JjlG4GRJHY=">AAAB5HicbVDLSgNBEOyNrxijRq9eBoPgKex60aPgxWME84BkCbOT3 mTIPNaZWSEs+QkvHhTxm7z5N04eB00saCiquunuSjLBrQvD76C0tb2zu1ferxxUD4+OayfVttW5YdhiWmjTTahFwRW2HHcCu5lBKhOBnWRyN/c7z2gs1+rRTTOMJR0pnnJGnZe6fS79FrSDWj1shAuQTRKtSB1WaA5qX/2hZrlE5Zig1vaiMHNxQY3jTOCs0s8tZpRN6Ah7nioq0c bF4t4ZufDKkKTa+FKOLNTfEwWV1k5l4jsldWO77s3F/7xe7tKbuOAqyx0qtlyU5oI4TebPkyE3yJyYekKZ4f5WwsbUUOZ8RBUfQrT+8iZpXzWisBE9hFCGMziHS4jgGm7hHprQAgYCXuAN3oOn4DX4WMZVCla5ncIfBJ8/DIiOvw==</latexit><latexit sha1_base64="yCxg0EP//Xodg8iY0JjlG4GRJHY=">AAAB5HicbVDLSgNBEOyNrxijRq9eBoPgKex60aPgxWME84BkCbOT3 mTIPNaZWSEs+QkvHhTxm7z5N04eB00saCiquunuSjLBrQvD76C0tb2zu1ferxxUD4+OayfVttW5YdhiWmjTTahFwRW2HHcCu5lBKhOBnWRyN/c7z2gs1+rRTTOMJR0pnnJGnZe6fS79FrSDWj1shAuQTRKtSB1WaA5qX/2hZrlE5Zig1vaiMHNxQY3jTOCs0s8tZpRN6Ah7nioq0c bF4t4ZufDKkKTa+FKOLNTfEwWV1k5l4jsldWO77s3F/7xe7tKbuOAqyx0qtlyU5oI4TebPkyE3yJyYekKZ4f5WwsbUUOZ8RBUfQrT+8iZpXzWisBE9hFCGMziHS4jgGm7hHprQAgYCXuAN3oOn4DX4WMZVCla5ncIfBJ8/DIiOvw==</latexit><latexit sha1_base64="WaB64d0KiWAHhbMX2lPly3oD1eI=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mk iW7e+funhCO/AkbC0Vs/Tt2/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctk2SaYZMlItGdiBoUXGHTciuwk2qkMhLYjsa3M7/9hNrwRD3YSYqhpEPFY86odVKnx6XbgqZfqfo1fw6ySoKCVKFAo1/56g0SlklUlglqTDfwUxvmVFvOBE7LvcxgStmYDrHrqK ISTZjP752Sc6cMSJxoV8qSufp7IqfSmImMXKekdmSWvZn4n9fNbHwd5lylmUXFFoviTBCbkNnzZMA1MismjlCmubuVsBHVlFkXUdmFECy/vEpal7XArwX3frV+U8RRglM4gwsI4ArqcAcNaAIDAc/wCm/eo/fivXsfi9Y1r5g5gT/wPn8AQOuQFQ==</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7ji oq0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit>
L = 0.8
<latexit sha1_base64="IFz08KQ6/GsKH94QXWG/KEbcMFU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJYBohaGNhEcF8QHKEv c1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9MBdfG876dwtr6xuZWcbu0s7u3f1A+PGrqJFMMGywRiWqHVKPgEhuGG4HtVCGNQ4GtcHQ781tPqDRP5KMZpxjEdCB5xBk1Vmrdk2viudVeueK53hxklfg5qUCOeq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdI AdSyWNUQeT+blTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moGky4TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGSDcFffnmVNC9c33P9h8tK7SaPowgncArn4MMV1OAO6tAABiN4hld4c1LnxXl3PhatBSefOYY/cD5/ACZCjh8=</latexit><latexit sha1_base64="IFz08KQ6/GsKH94QXWG/KEbcMFU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJYBohaGNhEcF8QHKEv c1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9MBdfG876dwtr6xuZWcbu0s7u3f1A+PGrqJFMMGywRiWqHVKPgEhuGG4HtVCGNQ4GtcHQ781tPqDRP5KMZpxjEdCB5xBk1Vmrdk2viudVeueK53hxklfg5qUCOeq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdI AdSyWNUQeT+blTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moGky4TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGSDcFffnmVNC9c33P9h8tK7SaPowgncArn4MMV1OAO6tAABiN4hld4c1LnxXl3PhatBSefOYY/cD5/ACZCjh8=</latexit><latexit sha1_base64="IFz08KQ6/GsKH94QXWG/KEbcMFU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJYBohaGNhEcF8QHKEv c1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9MBdfG876dwtr6xuZWcbu0s7u3f1A+PGrqJFMMGywRiWqHVKPgEhuGG4HtVCGNQ4GtcHQ781tPqDRP5KMZpxjEdCB5xBk1Vmrdk2viudVeueK53hxklfg5qUCOeq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdI AdSyWNUQeT+blTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moGky4TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGSDcFffnmVNC9c33P9h8tK7SaPowgncArn4MMV1OAO6tAABiN4hld4c1LnxXl3PhatBSefOYY/cD5/ACZCjh8=</latexit><latexit sha1_base64="IFz08KQ6/GsKH94QXWG/KEbcMFU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJYBohaGNhEcF8QHKEv c1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9MBdfG876dwtr6xuZWcbu0s7u3f1A+PGrqJFMMGywRiWqHVKPgEhuGG4HtVCGNQ4GtcHQ781tPqDRP5KMZpxjEdCB5xBk1Vmrdk2viudVeueK53hxklfg5qUCOeq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdI AdSyWNUQeT+blTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moGky4TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGSDcFffnmVNC9c33P9h8tK7SaPowgncArn4MMV1OAO6tAABiN4hld4c1LnxXl3PhatBSefOYY/cD5/ACZCjh8=</latexit>
⇢ = 1.025
<latexit sha1_base64="UjbBk4AE2u0SBXiF8FsbzvUTJ7Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuhHWlDNBW4YZTrupojiJOO1E47uZ33miSjMpHs0kpWGCh4LFjGBjpSBQI4lukO969ct+tea53hxolfgFqUGBZr/6FQwkyRIqDOFY657vpSbMsTKMcDqtBJmmKS ZjPKQ9SwVOqA7z+c1TdGaVAYqlsiUMmqu/J3KcaD1JItuZYDPSy95M/M/rZSa+DnMm0sxQQRaL4owjI9EsADRgihLDJ5Zgopi9FZERVpgYG1PFhuAvv7xK2nXX91z/4aLWuC3iKMMJnMI5+HAFDbiHJrSAQArP8ApvTua8OO/Ox6K15BQzx/AHzucPi6OQCg==</latexit><latexit sha1_base64="UjbBk4AE2u0SBXiF8FsbzvUTJ7Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuhHWlDNBW4YZTrupojiJOO1E47uZ33miSjMpHs0kpWGCh4LFjGBjpSBQI4lukO969ct+tea53hxolfgFqUGBZr/6FQwkyRIqDOFY657vpSbMsTKMcDqtBJmmKS ZjPKQ9SwVOqA7z+c1TdGaVAYqlsiUMmqu/J3KcaD1JItuZYDPSy95M/M/rZSa+DnMm0sxQQRaL4owjI9EsADRgihLDJ5Zgopi9FZERVpgYG1PFhuAvv7xK2nXX91z/4aLWuC3iKMMJnMI5+HAFDbiHJrSAQArP8ApvTua8OO/Ox6K15BQzx/AHzucPi6OQCg==</latexit><latexit sha1_base64="UjbBk4AE2u0SBXiF8FsbzvUTJ7Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuhHWlDNBW4YZTrupojiJOO1E47uZ33miSjMpHs0kpWGCh4LFjGBjpSBQI4lukO969ct+tea53hxolfgFqUGBZr/6FQwkyRIqDOFY657vpSbMsTKMcDqtBJmmKS ZjPKQ9SwVOqA7z+c1TdGaVAYqlsiUMmqu/J3KcaD1JItuZYDPSy95M/M/rZSa+DnMm0sxQQRaL4owjI9EsADRgihLDJ5Zgopi9FZERVpgYG1PFhuAvv7xK2nXX91z/4aLWuC3iKMMJnMI5+HAFDbiHJrSAQArP8ApvTua8OO/Ox6K15BQzx/AHzucPi6OQCg==</latexit><latexit sha1_base64="UjbBk4AE2u0SBXiF8FsbzvUTJ7Y=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuhHWlDNBW4YZTrupojiJOO1E47uZ33miSjMpHs0kpWGCh4LFjGBjpSBQI4lukO969ct+tea53hxolfgFqUGBZr/6FQwkyRIqDOFY657vpSbMsTKMcDqtBJmmKS ZjPKQ9SwVOqA7z+c1TdGaVAYqlsiUMmqu/J3KcaD1JItuZYDPSy95M/M/rZSa+DnMm0sxQQRaL4owjI9EsADRgihLDJ5Zgopi9FZERVpgYG1PFhuAvv7xK2nXX91z/4aLWuC3iKMMJnMI5+HAFDbiHJrSAQArP8ApvTua8OO/Ox6K15BQzx/AHzucPi6OQCg==</latexit>
⇢ = 0.225
<latexit sha1_base64="sX/rHBjI3PZrgabkIZVM98N3gNI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuhHWlDNBW4YZTrupojiJOO1E47uZ33miSjMpHs0kpWGCh4LFjGBjpSBQI4lukOfW65f9as1zvTnQKvELUoMCzX71KxhIkiVUGMKx1j3fS02YY2UY4XRaCTJNU0 zGeEh7lgqcUB3m85un6MwqAxRLZUsYNFd/T+Q40XqSRLYzwWakl72Z+J/Xy0x8HeZMpJmhgiwWxRlHRqJZAGjAFCWGTyzBRDF7KyIjrDAxNqaKDcFffnmVtOuu77n+w0WtcVvEUYYTOIVz8OEKGnAPTWgBgRSe4RXenMx5cd6dj0VrySlmjuEPnM8fjSeQCw==</latexit><latexit sha1_base64="sX/rHBjI3PZrgabkIZVM98N3gNI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuhHWlDNBW4YZTrupojiJOO1E47uZ33miSjMpHs0kpWGCh4LFjGBjpSBQI4lukOfW65f9as1zvTnQKvELUoMCzX71KxhIkiVUGMKx1j3fS02YY2UY4XRaCTJNU0 zGeEh7lgqcUB3m85un6MwqAxRLZUsYNFd/T+Q40XqSRLYzwWakl72Z+J/Xy0x8HeZMpJmhgiwWxRlHRqJZAGjAFCWGTyzBRDF7KyIjrDAxNqaKDcFffnmVtOuu77n+w0WtcVvEUYYTOIVz8OEKGnAPTWgBgRSe4RXenMx5cd6dj0VrySlmjuEPnM8fjSeQCw==</latexit><latexit sha1_base64="sX/rHBjI3PZrgabkIZVM98N3gNI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuhHWlDNBW4YZTrupojiJOO1E47uZ33miSjMpHs0kpWGCh4LFjGBjpSBQI4lukOfW65f9as1zvTnQKvELUoMCzX71KxhIkiVUGMKx1j3fS02YY2UY4XRaCTJNU0 zGeEh7lgqcUB3m85un6MwqAxRLZUsYNFd/T+Q40XqSRLYzwWakl72Z+J/Xy0x8HeZMpJmhgiwWxRlHRqJZAGjAFCWGTyzBRDF7KyIjrDAxNqaKDcFffnmVtOuu77n+w0WtcVvEUYYTOIVz8OEKGnAPTWgBgRSe4RXenMx5cd6dj0VrySlmjuEPnM8fjSeQCw==</latexit><latexit sha1_base64="sX/rHBjI3PZrgabkIZVM98N3gNI=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0iKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0o508bzvp3S2vrG5lZ5u7Kzu7d/UD08amuZKUJbRHKpuhHWlDNBW4YZTrupojiJOO1E47uZ33miSjMpHs0kpWGCh4LFjGBjpSBQI4lukOfW65f9as1zvTnQKvELUoMCzX71KxhIkiVUGMKx1j3fS02YY2UY4XRaCTJNU0 zGeEh7lgqcUB3m85un6MwqAxRLZUsYNFd/T+Q40XqSRLYzwWakl72Z+J/Xy0x8HeZMpJmhgiwWxRlHRqJZAGjAFCWGTyzBRDF7KyIjrDAxNqaKDcFffnmVtOuu77n+w0WtcVvEUYYTOIVz8OEKGnAPTWgBgRSe4RXenMx5cd6dj0VrySlmjuEPnM8fjSeQCw==</latexit>
Nleft = 0.41
<latexit sha1_base64="R3wlpxThJOYVHDc6AvsSSS+Zf+Q=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6EYounElFewD2hAm0 0k7dDIJMzdCDcVfceNCEbf+hzv/xkmbhbYeGDiccy/3zAkSwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHaweg699sPTGkey3sYJ8yLyEDykFMCRvLtw1u/FxEYqigTLITJpVOtub5dcarOFHiRuAWpoAIN3/7q9WOaRkwCFUTrrusk4GVEAa eCTcq9VLOE0BEZsK6hkkRMe9k0/QSfGKWPw1iZJwFP1d8bGYm0HkeBmcyT6nkvF//zuimEF17GZZICk3R2KEwFhhjnVeA+V4yCGBtCqOImK6ZDoggFU1jZlODOf3mRtM6qrlN172qV+lVRRwkdoWN0ilx0juroBjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHnpSUqA==</l atexit><latexit sha1_base64="R3wlpxThJOYVHDc6AvsSSS+Zf+Q=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6EYounElFewD2hAm0 0k7dDIJMzdCDcVfceNCEbf+hzv/xkmbhbYeGDiccy/3zAkSwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHaweg699sPTGkey3sYJ8yLyEDykFMCRvLtw1u/FxEYqigTLITJpVOtub5dcarOFHiRuAWpoAIN3/7q9WOaRkwCFUTrrusk4GVEAa eCTcq9VLOE0BEZsK6hkkRMe9k0/QSfGKWPw1iZJwFP1d8bGYm0HkeBmcyT6nkvF//zuimEF17GZZICk3R2KEwFhhjnVeA+V4yCGBtCqOImK6ZDoggFU1jZlODOf3mRtM6qrlN172qV+lVRRwkdoWN0ilx0juroBjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHnpSUqA==</l atexit><latexit sha1_base64="R3wlpxThJOYVHDc6AvsSSS+Zf+Q=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6EYounElFewD2hAm0 0k7dDIJMzdCDcVfceNCEbf+hzv/xkmbhbYeGDiccy/3zAkSwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHaweg699sPTGkey3sYJ8yLyEDykFMCRvLtw1u/FxEYqigTLITJpVOtub5dcarOFHiRuAWpoAIN3/7q9WOaRkwCFUTrrusk4GVEAa eCTcq9VLOE0BEZsK6hkkRMe9k0/QSfGKWPw1iZJwFP1d8bGYm0HkeBmcyT6nkvF//zuimEF17GZZICk3R2KEwFhhjnVeA+V4yCGBtCqOImK6ZDoggFU1jZlODOf3mRtM6qrlN172qV+lVRRwkdoWN0ilx0juroBjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHnpSUqA==</l atexit><latexit sha1_base64="R3wlpxThJOYVHDc6AvsSSS+Zf+Q=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0VwVRIp6EYounElFewD2hAm0 0k7dDIJMzdCDcVfceNCEbf+hzv/xkmbhbYeGDiccy/3zAkSwTU4zre1tLyyurZe2ihvbm3v7Np7+y0dp4qyJo1FrDoB0UxwyZrAQbBOohiJAsHaweg699sPTGkey3sYJ8yLyEDykFMCRvLtw1u/FxEYqigTLITJpVOtub5dcarOFHiRuAWpoAIN3/7q9WOaRkwCFUTrrusk4GVEAa eCTcq9VLOE0BEZsK6hkkRMe9k0/QSfGKWPw1iZJwFP1d8bGYm0HkeBmcyT6nkvF//zuimEF17GZZICk3R2KEwFhhjnVeA+V4yCGBtCqOImK6ZDoggFU1jZlODOf3mRtM6qrlN172qV+lVRRwkdoWN0ilx0juroBjVQE1H0iJ7RK3qznqwX6936mI0uWcXOAfoD6/MHnpSUqA==</l atexit>
Nright = 0.09
<latexit sha1_base64="e+cRfvGmdfOc1bvIAZF16TGYjj4=">AAAB/nicbVDLSgMxFM3UV62vUXHlZrAIrsqMCOpCKLpxJRXsA9phy KSZNjTJDMkdoQwFf8WNC0Xc+h3u/Bsz7Sy09UDI4Zx7yckJE840uO63VVpaXlldK69XNja3tnfs3b2WjlNFaJPEPFadEGvKmaRNYMBpJ1EUi5DTdji6yf32I1WaxfIBxgn1BR5IFjGCwUiBfXAX9ASGoRKZYoMhTK7cmnsZ2FVzTeEsEq8gVVSgEdhfvX5MUkElEI617npuAn6GFT DC6aTSSzVNMBnhAe0aKrGg2s+m8SfOsVH6ThQrcyQ4U/X3RoaF1mMRmsk8qp73cvE/r5tCdOFnTCYpUElmD0UpdyB28i6cPlOUAB8bgoliJqtDhlhhAqaxiinBm//yImmd1jy35t2fVevXRR1ldIiO0Any0Dmqo1vUQE1EUIae0St6s56sF+vd+piNlqxiZx/9gfX5A4ColSk=</l atexit><latexit sha1_base64="e+cRfvGmdfOc1bvIAZF16TGYjj4=">AAAB/nicbVDLSgMxFM3UV62vUXHlZrAIrsqMCOpCKLpxJRXsA9phy KSZNjTJDMkdoQwFf8WNC0Xc+h3u/Bsz7Sy09UDI4Zx7yckJE840uO63VVpaXlldK69XNja3tnfs3b2WjlNFaJPEPFadEGvKmaRNYMBpJ1EUi5DTdji6yf32I1WaxfIBxgn1BR5IFjGCwUiBfXAX9ASGoRKZYoMhTK7cmnsZ2FVzTeEsEq8gVVSgEdhfvX5MUkElEI617npuAn6GFT DC6aTSSzVNMBnhAe0aKrGg2s+m8SfOsVH6ThQrcyQ4U/X3RoaF1mMRmsk8qp73cvE/r5tCdOFnTCYpUElmD0UpdyB28i6cPlOUAB8bgoliJqtDhlhhAqaxiinBm//yImmd1jy35t2fVevXRR1ldIiO0Any0Dmqo1vUQE1EUIae0St6s56sF+vd+piNlqxiZx/9gfX5A4ColSk=</l atexit><latexit sha1_base64="e+cRfvGmdfOc1bvIAZF16TGYjj4=">AAAB/nicbVDLSgMxFM3UV62vUXHlZrAIrsqMCOpCKLpxJRXsA9phy KSZNjTJDMkdoQwFf8WNC0Xc+h3u/Bsz7Sy09UDI4Zx7yckJE840uO63VVpaXlldK69XNja3tnfs3b2WjlNFaJPEPFadEGvKmaRNYMBpJ1EUi5DTdji6yf32I1WaxfIBxgn1BR5IFjGCwUiBfXAX9ASGoRKZYoMhTK7cmnsZ2FVzTeEsEq8gVVSgEdhfvX5MUkElEI617npuAn6GFT DC6aTSSzVNMBnhAe0aKrGg2s+m8SfOsVH6ThQrcyQ4U/X3RoaF1mMRmsk8qp73cvE/r5tCdOFnTCYpUElmD0UpdyB28i6cPlOUAB8bgoliJqtDhlhhAqaxiinBm//yImmd1jy35t2fVevXRR1ldIiO0Any0Dmqo1vUQE1EUIae0St6s56sF+vd+piNlqxiZx/9gfX5A4ColSk=</l atexit><latexit sha1_base64="e+cRfvGmdfOc1bvIAZF16TGYjj4=">AAAB/nicbVDLSgMxFM3UV62vUXHlZrAIrsqMCOpCKLpxJRXsA9phy KSZNjTJDMkdoQwFf8WNC0Xc+h3u/Bsz7Sy09UDI4Zx7yckJE840uO63VVpaXlldK69XNja3tnfs3b2WjlNFaJPEPFadEGvKmaRNYMBpJ1EUi5DTdji6yf32I1WaxfIBxgn1BR5IFjGCwUiBfXAX9ASGoRKZYoMhTK7cmnsZ2FVzTeEsEq8gVVSgEdhfvX5MUkElEI617npuAn6GFT DC6aTSSzVNMBnhAe0aKrGg2s+m8SfOsVH6ThQrcyQ4U/X3RoaF1mMRmsk8qp73cvE/r5tCdOFnTCYpUElmD0UpdyB28i6cPlOUAB8bgoliJqtDhlhhAqaxiinBm//yImmd1jy35t2fVevXRR1ldIiO0Any0Dmqo1vUQE1EUIae0St6s56sF+vd+piNlqxiZx/9gfX5A4ColSk=</l atexit>
Ntotal = 0.5
<latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GV HAqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</l atexit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GV HAqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</l atexit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GV HAqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</l atexit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GV HAqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</l atexit>
L = 1<latexit sha1_base64="0GiAtL9IG4JJRf+nbMPIaU1tuqU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhYRDQfkBxhb 7OXLNnbO3bnhHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckUhh03W+nsLK6tr5R3Cxtbe/s7pX3D5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHN1G89cW1ErB5xnHA/ogMlQsEoWunh7srrlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6m iETd+Njt1Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbTv0lfaM5Qji2hTAt7K2FDqilDm07JhuAtvrxMmmdVz6169+eV2nUeRxGO4BhOwYMLqMEt1KEBDAbwDK/w5kjnxXl3PuatBSefOYQ/cD5/AJTvjVI=</latexit><latexit sha1_base64="0GiAtL9IG4JJRf+nbMPIaU1tuqU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhYRDQfkBxhb 7OXLNnbO3bnhHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckUhh03W+nsLK6tr5R3Cxtbe/s7pX3D5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHN1G89cW1ErB5xnHA/ogMlQsEoWunh7srrlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6m iETd+Njt1Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbTv0lfaM5Qji2hTAt7K2FDqilDm07JhuAtvrxMmmdVz6169+eV2nUeRxGO4BhOwYMLqMEt1KEBDAbwDK/w5kjnxXl3PuatBSefOYQ/cD5/AJTvjVI=</latexit><latexit sha1_base64="0GiAtL9IG4JJRf+nbMPIaU1tuqU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhYRDQfkBxhb 7OXLNnbO3bnhHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckUhh03W+nsLK6tr5R3Cxtbe/s7pX3D5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHN1G89cW1ErB5xnHA/ogMlQsEoWunh7srrlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6m iETd+Njt1Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbTv0lfaM5Qji2hTAt7K2FDqilDm07JhuAtvrxMmmdVz6169+eV2nUeRxGO4BhOwYMLqMEt1KEBDAbwDK/w5kjnxXl3PuatBSefOYQ/cD5/AJTvjVI=</latexit><latexit sha1_base64="0GiAtL9IG4JJRf+nbMPIaU1tuqU=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhYRDQfkBxhb 7OXLNnbO3bnhHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRckUhh03W+nsLK6tr5R3Cxtbe/s7pX3D5omTjXjDRbLWLcDargUijdQoOTtRHMaBZK3gtHN1G89cW1ErB5xnHA/ogMlQsEoWunh7srrlStu1Z2BLBMvJxXIUe+Vv7r9mKURV8gkNabjuQn6GdUomOSTUjc1PKFsRAe8Y6m iETd+Njt1Qk6s0idhrG0pJDP190RGI2PGUWA7I4pDs+hNxf+8TorhpZ8JlaTIFZsvClNJMCbTv0lfaM5Qji2hTAt7K2FDqilDm07JhuAtvrxMmmdVz6169+eV2nUeRxGO4BhOwYMLqMEt1KEBDAbwDK/w5kjnxXl3PuatBSefOYQ/cD5/AJTvjVI=</latexit>
⇢ = 0.1
<latexit sha1_base64="kWpJ2irfN/19LI0qV2SSAc+2PYA=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFvs 5cs2ds9dueEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1IpLPr+t1dYWV1b3yhulra2d3b3yvsHTaszw3iDaalNK6KWS6F4AwVK3koNp0kk+UM0vJn6D0/cWKHVPY5SHia0r0QsGEUnPXbMQJMr4leDbrniV/0ZyDIJclKBHPVu+avT0yxLuEImqbXtwE8xHFODgkk+KXUyy1PKhrT P244qmnAbjmcXT8iJU3ok1saVQjJTf0+MaWLtKIlcZ0JxYBe9qfif184wvgzHQqUZcsXmi+JMEtRk+j7pCcMZypEjlBnhbiVsQA1l6EIquRCCxZeXSfOsGrjE7s4rtes8jiIcwTGcQgAXUINbqEMDGCh4hld486z34r17H/PWgpfPHMIfeJ8/n/SPjw==</latexit><latexit sha1_base64="kWpJ2irfN/19LI0qV2SSAc+2PYA=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFvs 5cs2ds9dueEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1IpLPr+t1dYWV1b3yhulra2d3b3yvsHTaszw3iDaalNK6KWS6F4AwVK3koNp0kk+UM0vJn6D0/cWKHVPY5SHia0r0QsGEUnPXbMQJMr4leDbrniV/0ZyDIJclKBHPVu+avT0yxLuEImqbXtwE8xHFODgkk+KXUyy1PKhrT P244qmnAbjmcXT8iJU3ok1saVQjJTf0+MaWLtKIlcZ0JxYBe9qfif184wvgzHQqUZcsXmi+JMEtRk+j7pCcMZypEjlBnhbiVsQA1l6EIquRCCxZeXSfOsGrjE7s4rtes8jiIcwTGcQgAXUINbqEMDGCh4hld486z34r17H/PWgpfPHMIfeJ8/n/SPjw==</latexit><latexit sha1_base64="kWpJ2irfN/19LI0qV2SSAc+2PYA=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFvs 5cs2ds9dueEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1IpLPr+t1dYWV1b3yhulra2d3b3yvsHTaszw3iDaalNK6KWS6F4AwVK3koNp0kk+UM0vJn6D0/cWKHVPY5SHia0r0QsGEUnPXbMQJMr4leDbrniV/0ZyDIJclKBHPVu+avT0yxLuEImqbXtwE8xHFODgkk+KXUyy1PKhrT P244qmnAbjmcXT8iJU3ok1saVQjJTf0+MaWLtKIlcZ0JxYBe9qfif184wvgzHQqUZcsXmi+JMEtRk+j7pCcMZypEjlBnhbiVsQA1l6EIquRCCxZeXSfOsGrjE7s4rtes8jiIcwTGcQgAXUINbqEMDGCh4hld486z34r17H/PWgpfPHMIfeJ8/n/SPjw==</latexit><latexit sha1_base64="kWpJ2irfN/19LI0qV2SSAc+2PYA=">AAAB8XicbVA9SwNBEJ2LXzF+RS1tFoNgFe5E0EYI2lhGMDGYHGFvs 5cs2ds9dueEEPIvbCwUsfXf2Plv3CRXaOKDgcd7M8zMi1IpLPr+t1dYWV1b3yhulra2d3b3yvsHTaszw3iDaalNK6KWS6F4AwVK3koNp0kk+UM0vJn6D0/cWKHVPY5SHia0r0QsGEUnPXbMQJMr4leDbrniV/0ZyDIJclKBHPVu+avT0yxLuEImqbXtwE8xHFODgkk+KXUyy1PKhrT P244qmnAbjmcXT8iJU3ok1saVQjJTf0+MaWLtKIlcZ0JxYBe9qfif184wvgzHQqUZcsXmi+JMEtRk+j7pCcMZypEjlBnhbiVsQA1l6EIquRCCxZeXSfOsGrjE7s4rtes8jiIcwTGcQgAXUINbqEMDGCh4hld486z34r17H/PWgpfPHMIfeJ8/n/SPjw==</latexit>
⇢ = 0.9
<latexit sha1_base64="6HQ2KjGRfzJdf2xhoY790p6z59I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCvYD21A22 027dLMbdjdCCf0XXjwo4tV/481/4zbNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3r7p/0NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSo89NZLoGnnuVb9a81wvB1omfkFqUKDRr371BpKkMRWGcKx11/cSE2RYGUY4nVZ6qaYJJmM 8pF1LBY6pDrL84ik6scoARVLZEgbl6u+JDMdaT+LQdsbYjPSiNxP/87qpiS6DjIkkNVSQ+aIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLEh+IsvL5PWmet7rn9/XqvfFHGU4QiO4RR8uIA63EEDmkBAwDO8wpujnRfn3fmYt5acYuYQ/sD5/AGsFI+X</latexit><latexit sha1_base64="6HQ2KjGRfzJdf2xhoY790p6z59I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCvYD21A22 027dLMbdjdCCf0XXjwo4tV/481/4zbNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3r7p/0NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSo89NZLoGnnuVb9a81wvB1omfkFqUKDRr371BpKkMRWGcKx11/cSE2RYGUY4nVZ6qaYJJmM 8pF1LBY6pDrL84ik6scoARVLZEgbl6u+JDMdaT+LQdsbYjPSiNxP/87qpiS6DjIkkNVSQ+aIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLEh+IsvL5PWmet7rn9/XqvfFHGU4QiO4RR8uIA63EEDmkBAwDO8wpujnRfn3fmYt5acYuYQ/sD5/AGsFI+X</latexit><latexit sha1_base64="6HQ2KjGRfzJdf2xhoY790p6z59I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCvYD21A22 027dLMbdjdCCf0XXjwo4tV/481/4zbNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3r7p/0NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSo89NZLoGnnuVb9a81wvB1omfkFqUKDRr371BpKkMRWGcKx11/cSE2RYGUY4nVZ6qaYJJmM 8pF1LBY6pDrL84ik6scoARVLZEgbl6u+JDMdaT+LQdsbYjPSiNxP/87qpiS6DjIkkNVSQ+aIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLEh+IsvL5PWmet7rn9/XqvfFHGU4QiO4RR8uIA63EEDmkBAwDO8wpujnRfn3fmYt5acYuYQ/sD5/AGsFI+X</latexit><latexit sha1_base64="6HQ2KjGRfzJdf2xhoY790p6z59I=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEUA9C0YvHCvYD21A22 027dLMbdjdCCf0XXjwo4tV/481/4zbNQVsfDDzem2FmXphwpo3nfTulldW19Y3yZmVre2d3r7p/0NIyVYQ2ieRSdUKsKWeCNg0znHYSRXEcctoOx7czv/1ElWZSPJhJQoMYDwWLGMHGSo89NZLoGnnuVb9a81wvB1omfkFqUKDRr371BpKkMRWGcKx11/cSE2RYGUY4nVZ6qaYJJmM 8pF1LBY6pDrL84ik6scoARVLZEgbl6u+JDMdaT+LQdsbYjPSiNxP/87qpiS6DjIkkNVSQ+aIo5chINHsfDZiixPCJJZgoZm9FZIQVJsaGVLEh+IsvL5PWmet7rn9/XqvfFHGU4QiO4RR8uIA63EEDmkBAwDO8wpujnRfn3fmYt5acYuYQ/sD5/AGsFI+X</latexit>
Nright = 0.05
<latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJc RBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ==< /latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJc RBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ==< /latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJc RBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ==< /latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJc RBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ==< /latexit>
Nleft = 0.45
<latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7Wd IaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA==< /latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7Wd IaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA==< /latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7Wd IaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA==< /latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7Wd IaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA==< /latexit>
Ntotal = 0.5
<latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GVH AqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</lat exit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GVH AqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</lat exit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GVH AqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</lat exit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GVH AqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</lat exit>
=)
<latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5 k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6 dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="yCxg0EP//Xodg8iY0JjlG4GRJHY=">AAAB5HicbVDLSgNBEOyNrxijRq9eBoPgKex60aPgxWME84BkCbOT3 mTIPNaZWSEs+QkvHhTxm7z5N04eB00saCiquunuSjLBrQvD76C0tb2zu1ferxxUD4+OayfVttW5YdhiWmjTTahFwRW2HHcCu5lBKhOBnWRyN/c7z2gs1+rRTTOMJR0pnnJGnZe6fS79FrSDWj1shAuQTRKtSB1WaA5qX/2hZrlE5Zig1vaiMHNxQY3jTOCs0s8tZpRN6Ah7nioq0cb F4t4ZufDKkKTa+FKOLNTfEwWV1k5l4jsldWO77s3F/7xe7tKbuOAqyx0qtlyU5oI4TebPkyE3yJyYekKZ4f5WwsbUUOZ8RBUfQrT+8iZpXzWisBE9hFCGMziHS4jgGm7hHprQAgYCXuAN3oOn4DX4WMZVCla5ncIfBJ8/DIiOvw==</latexit><latexit sha1_base64="yCxg0EP//Xodg8iY0JjlG4GRJHY=">AAAB5HicbVDLSgNBEOyNrxijRq9eBoPgKex60aPgxWME84BkCbOT3 mTIPNaZWSEs+QkvHhTxm7z5N04eB00saCiquunuSjLBrQvD76C0tb2zu1ferxxUD4+OayfVttW5YdhiWmjTTahFwRW2HHcCu5lBKhOBnWRyN/c7z2gs1+rRTTOMJR0pnnJGnZe6fS79FrSDWj1shAuQTRKtSB1WaA5qX/2hZrlE5Zig1vaiMHNxQY3jTOCs0s8tZpRN6Ah7nioq0cb F4t4ZufDKkKTa+FKOLNTfEwWV1k5l4jsldWO77s3F/7xe7tKbuOAqyx0qtlyU5oI4TebPkyE3yJyYekKZ4f5WwsbUUOZ8RBUfQrT+8iZpXzWisBE9hFCGMziHS4jgGm7hHprQAgYCXuAN3oOn4DX4WMZVCla5ncIfBJ8/DIiOvw==</latexit><latexit sha1_base64="WaB64d0KiWAHhbMX2lPly3oD1eI=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswp2NlkEbywjmA5Ij7G3mk iW7e+funhCO/AkbC0Vs/Tt2/hs3yRWa+GDg8d4MM/OiVHBjff/bW1vf2NzaLu2Ud/f2Dw4rR8ctk2SaYZMlItGdiBoUXGHTciuwk2qkMhLYjsa3M7/9hNrwRD3YSYqhpEPFY86odVKnx6XbgqZfqfo1fw6ySoKCVKFAo1/56g0SlklUlglqTDfwUxvmVFvOBE7LvcxgStmYDrHrqKI STZjP752Sc6cMSJxoV8qSufp7IqfSmImMXKekdmSWvZn4n9fNbHwd5lylmUXFFoviTBCbkNnzZMA1MismjlCmubuVsBHVlFkXUdmFECy/vEpal7XArwX3frV+U8RRglM4gwsI4ArqcAcNaAIDAc/wCm/eo/fivXsfi9Y1r5g5gT/wPn8AQOuQFQ==</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit><latexit sha1_base64="cfID6TnFxVQdjM2210+57E3SUL8=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSJcxOe pMhM7PrzKwQQn7CiwdFvPo73vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rBjlMMJR0oHnNGrZPaXS7dFjS9csWv+nOQVRLkpAI56r3yV7efsEyiskxQYzqBn9pwQrXlTOC01M0MppSN6AA7jio q0YST+b1TcuaUPokT7UpZMld/T0yoNGYsI9cpqR2aZW8m/ud1MhtfhxOu0syiYotFcSaITcjsedLnGpkVY0co09zdStiQasqsi6jkQgiWX14lzYtq4FeD+8tK7SaPowgncArnEMAV1OAO6tAABgKe4RXevEfvxXv3PhatBS+fOYY/8D5/AEIrkBk=</latexit>
L = 0.8
<latexit sha1_base64="IFz08KQ6/GsKH94QXWG/KEbcMFU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJYBohaGNhEcF8QHKEv c1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9MBdfG876dwtr6xuZWcbu0s7u3f1A+PGrqJFMMGywRiWqHVKPgEhuGG4HtVCGNQ4GtcHQ781tPqDRP5KMZpxjEdCB5xBk1Vmrdk2viudVeueK53hxklfg5qUCOeq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdIA dSyWNUQeT+blTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moGky4TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGSDcFffnmVNC9c33P9h8tK7SaPowgncArn4MMV1OAO6tAABiN4hld4c1LnxXl3PhatBSefOYY/cD5/ACZCjh8=</latexit><latexit sha1_base64="IFz08KQ6/GsKH94QXWG/KEbcMFU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJYBohaGNhEcF8QHKEv c1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9MBdfG876dwtr6xuZWcbu0s7u3f1A+PGrqJFMMGywRiWqHVKPgEhuGG4HtVCGNQ4GtcHQ781tPqDRP5KMZpxjEdCB5xBk1Vmrdk2viudVeueK53hxklfg5qUCOeq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdIA dSyWNUQeT+blTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moGky4TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGSDcFffnmVNC9c33P9h8tK7SaPowgncArn4MMV1OAO6tAABiN4hld4c1LnxXl3PhatBSefOYY/cD5/ACZCjh8=</latexit><latexit sha1_base64="IFz08KQ6/GsKH94QXWG/KEbcMFU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJYBohaGNhEcF8QHKEv c1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9MBdfG876dwtr6xuZWcbu0s7u3f1A+PGrqJFMMGywRiWqHVKPgEhuGG4HtVCGNQ4GtcHQ781tPqDRP5KMZpxjEdCB5xBk1Vmrdk2viudVeueK53hxklfg5qUCOeq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdIA dSyWNUQeT+blTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moGky4TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGSDcFffnmVNC9c33P9h8tK7SaPowgncArn4MMV1OAO6tAABiN4hld4c1LnxXl3PhatBSefOYY/cD5/ACZCjh8=</latexit><latexit sha1_base64="IFz08KQ6/GsKH94QXWG/KEbcMFU=">AAAB7nicbVA9SwNBEJ2LXzF+RS1tFoNgddyJYBohaGNhEcF8QHKEv c1csmRv79jdE0LIj7CxUMTW32Pnv3GTXKGJDwYe780wMy9MBdfG876dwtr6xuZWcbu0s7u3f1A+PGrqJFMMGywRiWqHVKPgEhuGG4HtVCGNQ4GtcHQ781tPqDRP5KMZpxjEdCB5xBk1Vmrdk2viudVeueK53hxklfg5qUCOeq/81e0nLItRGiao1h3fS00wocpwJnBa6mYaU8pGdIA dSyWNUQeT+blTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5moGky4TDODki0WRZkgJiGz30mfK2RGjC2hTHF7K2FDqigzNqGSDcFffnmVNC9c33P9h8tK7SaPowgncArn4MMV1OAO6tAABiN4hld4c1LnxXl3PhatBSefOYY/cD5/ACZCjh8=</latexit>
Ntotal = 0.5
<latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GVH AqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</lat exit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GVH AqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</lat exit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GVH AqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</lat exit><latexit sha1_base64="R6P6Wm8nyIxb0rY9hmXArMJQxr0=">AAAB/3icbVDLSsNAFJ34rPUVFdy4GSyCq5CIohuh6MaVVLAPaEOYT Kft0JkkzNwIJXbhr7hxoYhbf8Odf+OkzUJbDwwczrmXe+aEieAaXPfbWlhcWl5ZLa2V1zc2t7btnd2GjlNFWZ3GIlatkGgmeMTqwEGwVqIYkaFgzXB4nfvNB6Y0j6N7GCXMl6Qf8R6nBIwU2Pu3QUcSGCiZQQxEjPEldp2zwK64jjsBnideQSqoQC2wvzrdmKaSRUAF0brtuQn4GVH AqWDjcifVLCF0SPqsbWhEJNN+Nsk/xkdG6eJerMyLAE/U3xsZkVqPZGgm86x61svF/7x2Cr0LP+NRkgKL6PRQLxUYYpyXgbtcMQpiZAihipusmA6IIhRMZWVTgjf75XnSOHE81/HuTivVq6KOEjpAh+gYeegcVdENqqE6ougRPaNX9GY9WS/Wu/UxHV2wip099AfW5w/IjJVF</lat exit>
⇢ = 1.125
<latexit sha1_base64="Dg4zplVWbLGtMkcBo/RjTfAf0hU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8gWRS9C0YvHCvYDmlA22 027dLMJuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18bzvp3S2vrG5lZ5u7Kzu7d/UD08auskU5S1aCIS1Q2JZoJL1jLcCNZNFSNxKFgnHN/N/M4TU5on8tFMUhbEZCh5xCkxVvJ9NUrQDcIurl/2qzXP9eZAqwQXpAYFmv3qlz9IaBYzaaggWvewl5ogJ8pwKti04meapYS OyZD1LJUkZjrI5zdP0ZlVBihKlC1p0Fz9PZGTWOtJHNrOmJiRXvZm4n9eLzPRdZBzmWaGSbpYFGUCmQTNAkADrhg1YmIJoYrbWxEdEUWosTFVbAh4+eVV0q672HPxw0WtcVvEUYYTOIVzwHAFDbiHJrSAQgrP8ApvTua8OO/Ox6K15BQzx/AHzucPjSmQCw==</latexit><latexit sha1_base64="Dg4zplVWbLGtMkcBo/RjTfAf0hU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8gWRS9C0YvHCvYDmlA22 027dLMJuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18bzvp3S2vrG5lZ5u7Kzu7d/UD08auskU5S1aCIS1Q2JZoJL1jLcCNZNFSNxKFgnHN/N/M4TU5on8tFMUhbEZCh5xCkxVvJ9NUrQDcIurl/2qzXP9eZAqwQXpAYFmv3qlz9IaBYzaaggWvewl5ogJ8pwKti04meapYS OyZD1LJUkZjrI5zdP0ZlVBihKlC1p0Fz9PZGTWOtJHNrOmJiRXvZm4n9eLzPRdZBzmWaGSbpYFGUCmQTNAkADrhg1YmIJoYrbWxEdEUWosTFVbAh4+eVV0q672HPxw0WtcVvEUYYTOIVzwHAFDbiHJrSAQgrP8ApvTua8OO/Ox6K15BQzx/AHzucPjSmQCw==</latexit><latexit sha1_base64="Dg4zplVWbLGtMkcBo/RjTfAf0hU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8gWRS9C0YvHCvYDmlA22 027dLMJuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18bzvp3S2vrG5lZ5u7Kzu7d/UD08auskU5S1aCIS1Q2JZoJL1jLcCNZNFSNxKFgnHN/N/M4TU5on8tFMUhbEZCh5xCkxVvJ9NUrQDcIurl/2qzXP9eZAqwQXpAYFmv3qlz9IaBYzaaggWvewl5ogJ8pwKti04meapYS OyZD1LJUkZjrI5zdP0ZlVBihKlC1p0Fz9PZGTWOtJHNrOmJiRXvZm4n9eLzPRdZBzmWaGSbpYFGUCmQTNAkADrhg1YmIJoYrbWxEdEUWosTFVbAh4+eVV0q672HPxw0WtcVvEUYYTOIVzwHAFDbiHJrSAQgrP8ApvTua8OO/Ox6K15BQzx/AHzucPjSmQCw==</latexit><latexit sha1_base64="Dg4zplVWbLGtMkcBo/RjTfAf0hU=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU8gWRS9C0YvHCvYDmlA22 027dLMJuxuhhP4NLx4U8eqf8ea/cdvmoK0PBh7vzTAzL0wF18bzvp3S2vrG5lZ5u7Kzu7d/UD08auskU5S1aCIS1Q2JZoJL1jLcCNZNFSNxKFgnHN/N/M4TU5on8tFMUhbEZCh5xCkxVvJ9NUrQDcIurl/2qzXP9eZAqwQXpAYFmv3qlz9IaBYzaaggWvewl5ogJ8pwKti04meapYS OyZD1LJUkZjrI5zdP0ZlVBihKlC1p0Fz9PZGTWOtJHNrOmJiRXvZm4n9eLzPRdZBzmWaGSbpYFGUCmQTNAkADrhg1YmIJoYrbWxEdEUWosTFVbAh4+eVV0q672HPxw0WtcVvEUYYTOIVzwHAFDbiHJrSAQgrP8ApvTua8OO/Ox6K15BQzx/AHzucPjSmQCw==</latexit>
⇢ = 0.125
<latexit sha1_base64="O9CvWeYe57UstOKJ/rIpKQh5VNg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cZvmoK0PBh7vzTAzL0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk7u5332iSjMpHs00oUGMR4JFjGBjJd9XY4lukFv3GpeDas2tuznQKvEKUoMCrUH1yx9KksZUGMKx1n3PTUyQYWUY4XRW8VNNE0w meET7lgocUx1k+c0zdGaVIYqksiUMytXfExmOtZ7Goe2MsRnrZW8u/uf1UxNdBxkTSWqoIItFUcqRkWgeABoyRYnhU0swUczeisgYK0yMjaliQ/CWX14lnUbds5k9XNSat0UcZTiBUzgHD66gCffQgjYQSOAZXuHNSZ0X5935WLSWnGLmGP7A+fwBi6GQCg==</latexit><latexit sha1_base64="O9CvWeYe57UstOKJ/rIpKQh5VNg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cZvmoK0PBh7vzTAzL0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk7u5332iSjMpHs00oUGMR4JFjGBjJd9XY4lukFv3GpeDas2tuznQKvEKUoMCrUH1yx9KksZUGMKx1n3PTUyQYWUY4XRW8VNNE0w meET7lgocUx1k+c0zdGaVIYqksiUMytXfExmOtZ7Goe2MsRnrZW8u/uf1UxNdBxkTSWqoIItFUcqRkWgeABoyRYnhU0swUczeisgYK0yMjaliQ/CWX14lnUbds5k9XNSat0UcZTiBUzgHD66gCffQgjYQSOAZXuHNSZ0X5935WLSWnGLmGP7A+fwBi6GQCg==</latexit><latexit sha1_base64="O9CvWeYe57UstOKJ/rIpKQh5VNg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cZvmoK0PBh7vzTAzL0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk7u5332iSjMpHs00oUGMR4JFjGBjJd9XY4lukFv3GpeDas2tuznQKvEKUoMCrUH1yx9KksZUGMKx1n3PTUyQYWUY4XRW8VNNE0w meET7lgocUx1k+c0zdGaVIYqksiUMytXfExmOtZ7Goe2MsRnrZW8u/uf1UxNdBxkTSWqoIItFUcqRkWgeABoyRYnhU0swUczeisgYK0yMjaliQ/CWX14lnUbds5k9XNSat0UcZTiBUzgHD66gCffQgjYQSOAZXuHNSZ0X5935WLSWnGLmGP7A+fwBi6GQCg==</latexit><latexit sha1_base64="O9CvWeYe57UstOKJ/rIpKQh5VNg=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoheh6MVjBfsBTSib7 aZdutkNuxuhhP4NLx4U8eqf8ea/cZvmoK0PBh7vzTAzL0w408Z1v53S2vrG5lZ5u7Kzu7d/UD086miZKkLbRHKpeiHWlDNB24YZTnuJojgOOe2Gk7u5332iSjMpHs00oUGMR4JFjGBjJd9XY4lukFv3GpeDas2tuznQKvEKUoMCrUH1yx9KksZUGMKx1n3PTUyQYWUY4XRW8VNNE0w meET7lgocUx1k+c0zdGaVIYqksiUMytXfExmOtZ7Goe2MsRnrZW8u/uf1UxNdBxkTSWqoIItFUcqRkWgeABoyRYnhU0swUczeisgYK0yMjaliQ/CWX14lnUbds5k9XNSat0UcZTiBUzgHD66gCffQgjYQSOAZXuHNSZ0X5935WLSWnGLmGP7A+fwBi6GQCg==</latexit>
Nright = 0.05
<latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJc RBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ==< /latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJc RBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ==< /latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJc RBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ==< /latexit><latexit sha1_base64="M/wFIJJWJM1U72PGjzSXdEOVIaE=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokouhGKLpxJRXsA9oQJ tNJO3QmCTM3QgnZ+CtuXCji1s9w5984abvQ1gPDHM65l3vvCRLBNTjOt1VaWl5ZXSuvVzY2t7Z37N29lo5TRVmTxiJWnYBoJnjEmsBBsE6iGJGBYO1gdFP47UemNI+jBxgnzJNkEPGQUwJG8u2DO78nCQyVzBQfDCHHV9ipOee+XTXfBHiRuDNSRTM0fPur149pKlkEVBCtu66TgJc RBZwKlld6qWYJoSMyYF1DIyKZ9rLJATk+Nkofh7EyLwI8UX93ZERqPZaBqSyW1fNeIf7ndVMIL72MR0kKLKLTQWEqMMS4SAP3uWIUxNgQQhU3u2I6JIpQMJlVTAju/MmLpHVac52ae39WrV/P4iijQ3SETpCLLlAd3aIGaiKKcvSMXtGb9WS9WO/Wx7S0ZM169tEfWJ8/NMyVeQ==< /latexit>
Nleft = 0.45
<latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7Wd IaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA==< /latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7Wd IaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA==< /latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7Wd IaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA==< /latexit><latexit sha1_base64="tZ2UjXVdIO+zP1N0YP4bpLSGKac=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXA0zUtGNUHTjSirYB7TDk EkzbWiSGZKMUMYu/BU3LhRx62+482/MtLPQ1gOBwzn3ck9OmDCqtOt+W6Wl5ZXVtfJ6ZWNza3vH3t1rqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB2OrnO//UCkorG41+OE+BwNBI0oRtpIgX1wG/Q40kPJM0YiPYGX0HVqZ4FddR13CrhIvIJUQYFGYH/1+jFOOREaM6RU13MT7Wd IaooZmVR6qSIJwiM0IF1DBeJE+dk0/wQeG6UPo1iaJzScqr83MsSVGvPQTOZZ1byXi/953VRHF35GRZJqIvDsUJQyqGOYlwH7VBKs2dgQhCU1WSEeIomwNpVVTAne/JcXSevU8VzHu6tV61dFHWVwCI7ACfDAOaiDG9AATYDBI3gGr+DNerJerHfrYzZasoqdffAH1ucPXe6VAA==< /latexit>
(a)
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FIG. 1. A two phase system undergoing a number conserving
change in volume as described by (a) Eqs. (17) and (18) and
(b) Eqs. (23) and (24).
where P0 is the target pressure, ∆t is the length of a nu-
merical time-step, and Mp is the mobility parameter for
readjustments to the volume element — i.e. the ability
of the system to respond to pressure differentials.
While such a density flux and feedback loop conserves
the total mass of the system it violates the physics of
diffusion transport. Under a compression of a volume el-
ement, a low density element and a high density element
both receive the same density flux into the system. Lo-
cal mass is thus not conserved as the low density volume
element has gained a larger fraction of its density than
the high density element; mass has effectively moved in-
stantaneously from the high density region to the low
density region. We illustrate a one-dimensional example
of this phenomenon in Fig. 1(a), and the correction us-
ing the scheme that we implement in this work (discussed
below) to remedy this problem in Fig. 1(b).
To maintain accurate diffusion behaviour we propose a
slightly different mass conserving step. Conservation of
total number (N), or mass, requires that
∂N
∂t
=
∂(ρ¯V )
∂t
= 0 , (19)
5where V is the volume and ρ¯ is the average density of the
system or sub-system. After expressing the volume as a
numerical grid, V = Πdi=1∆xNi, and combining with the
volume feedback loop proposed by Kocher et al.,
∂∆x
∂t
=
Mp
d (∆x)d−1
(ω − P0) , (20)
Eq. 19 can be rewritten as
∂ρ¯
∂t
= −Mp(ω − P0)
(∆x)d
ρ¯ . (21)
In pursuit of a closed form solution for the numerical
update scheme of Eq. (21), we posit that this equation
can be solved via separation of variables and integration,∫
dρ¯
ρ¯
=
∫
dt
Mp(ω − P0)
(∆x)d
, (22)
which leads to the numerically approximated solution
ρ¯(x, t+ ∆t) = ρ¯(x, t)e
−Mp(ω−P0)∆t
(∆x)d . (23)
After a point-wise evaluation of this local density update
on each grid element, we then ensure total conservation of
mass by appropriately updating ∆x. This update leads
to a revision of Eq. (18) of the form,
J∆x = −∆x(t) + ∆x(t0)
( ∫
Vtotal
ddrρ(t)∫
Vtotal
ddrρ(t0)
)1/d
. (24)
Due to the numerical constraints of the FFTW [20] li-
brary used in our dynamics, the volume element must be
a constant throughout the simulation domain. Thus, we
must apply Eq. (24) to each volume element individually
in such a way that the global update of [common] vol-
ume element size conserves mass in local sub-domains of
of volume elements in the system. As any arbitrary sub-
domain of the system must conserve its own local mass
we choose to update the smallest possible sub-domain
— i.e. each pixel — as it is both numerically simplest
and ensures that any larger sub-domain will also be con-
served.
Due to the exponential nature of Eq. (23), it is im-
perative that the argument of the exponential remain
reasonably small. To ensure this smallness, we utilize a
“guess–check-correct” algorithm as follows:
1. We calculate the expected change in volume ele-
ment, δguess∆x using the original formulation given
by equation (18) using the largest allowable time-
step ∆t = ∆tmax.
2. This value is compared to a cutoff value δmax∆x.
3. If and only if the expected change is larger than
the cutoff we scale the time-step as follows: ∆t =
∆tmax
δmax∆x
δguess∆x
.
4. Eqs. (23) and (24) are applied.
IV. EQUILIBRIUM PROPERTIES OF MODEL
The equilibrium properties of a binary alloy, where
density variations are considered, are defined in terms
of the Helmholtz free energy by the system of equa-
tions [21, 22].
1
ρs
∂Fs (cs, ρs)
∂cs
= µeq ,
1
ρL
∂FL (cL, ρL)
∂cL
= µeq ,
ρs
∂Fs (cs, ρs)
∂ρs
− Fs (cs, ρs) = p , (25)
ρL
∂FL (cL, ρL)
∂ρL
− FL (cL, ρL) = p ,
FL (cL, ρL)
ρL
− Fs (cs, ρs)
ρs
= (cL − cs)µeq −
(
1
ρL
− 1ρs
)
p .
where we have used the short form notation Fi, ρi, and ci
to denote the free energy density, total density, and con-
centration of phase i, respectively, where i = L denotes
a liquid and i = s a solid phase. Here, µ is the chemical
potential and p the pressure.
The solution to the above system of equations in
terms of the free energy defined in Sec. II is highly non-
trivial [22]. However, the system of equations can be
significantly simplified by a change of variables such that
F = νF , (26)
where ν = 1/ρ is the molar volume. The equilibrium
equations then become
∂Fs (cs, νs)
∂cs
= µeq
∂FL (cL, νL)
∂cL
= µeq
∂Fs (cs, νs)
∂νs
= −p (27)
∂FL (cL, νL)
∂νL
= −p
FL (cL, νL)−Fs (cs, νs) = (cL − cs)µeq − (νL − νs) p
Eqs. (27) define the equations of a common tangent plane
in (ν-c-T ) space. In the traditional formulations of bi-
nary PFC models — with the exception of one amplitude
model [22] — the density (molar volume) are assumed to
be constant across the different phases in equilibrium,
which reduces Eqs. (27) to
∂Fs (cs, ρ)
∂cs
= µeq ,
∂FL (cL, ρ)
∂cL
= µeq ,
FL (cL, ρ)− Fs (cs, ρ) = (cL − cs)µeq ,
6which define the equations of a common tangent line in
(c-T ) space.
We use a similar, but distinct, approach to define the
isobaric phase diagram from from Eqs. (27) as follows:
for a fixed pressure we rearrange the last of Eqs. (27) to
the form
(FL (cL, νL) + νL p)− (Fs (cs, νs) + νs p)
= (cL − cs)µeq . (28)
The first two of Eqs. (27) and Eq. (28) now define a com-
mon tangent in concentration along an isobaric surface,
with the isobaric constraint of said surface being enforced
by the third and fourth equations of Eqs. (27).
While Eqs. 27 are shown in dimensional form, an iden-
tical set of dimensionless equations can be constructed
by scaling the variables similarly to Eq. (11):
F¯ = F
kBT0
=
ρ0
ρ
F
ρ0kBT0
(29)
µ¯eq =
µeq
kBT0
(30)
p¯ =
ν0p
kBT0
=
p
ρ0kBT0
(31)
ν¯ =
ν
ν0
=
ρ0
ρ
(32)
which allows the use of scaled PFC free energies of the
form of Eq. (11) to be used in the construction of phase
diagramsm and in the subsequent dynamics.
To determine the equilibrium phase diagram it is nec-
essary to define a free energy curve along the isobaric
surface of the free energy landscape. To do so we follow
the mode expansion methodology pioneered by Kirkwood
and Monroe [23] in 1941 and later refined by Yousseff
and Ramakrishnan [24] and approximate the total den-
sity and total molar volume of a phase as
n ≈ n0 +
∑
j
Aj
∑
α
eik{j,α}·r
n0 =
1
ν¯
− 1
(33)
where Aj are taken as non-zero in a solid phase. The
index j defines a given family of modes in a solid assumed
to have the same amplitude, while k{j,α} is the wave-
vector of the lattice plane α within the family of modes
j, and r is the spatial coordinate.
Substituting the density expansion ansatz in a micro-
scopically varying free energy density of a PFC model,
and integrating out short scale variations over the scale
of a crystal unit cell, leads to a mesoscale free energy rep-
resentation of the system of the form F (n0(ν), {Aj}, c).
Moreover, it is noted that for a bulk phase, the derivative
∂F¯ (ν¯(n0), {Aj}, c)
∂ν¯
= ω(ν¯(n0), {Aj}, c), (34)
and thus we can enforce the pressure constraint by equat-
ing the amplitude expanded grand potential density to
the negative of the target pressure.
The protocol for evaluating the equilibrium states of
the alloy proceeds next as follows: for each value of the
average concentration c we numerically minimize the set
of amplitudes {n0, Aj} and wave-vector k subject to the
pressure constraint to build the isobaric free energy curve
using Mathematica [25]. For the special case of a sin-
gle crystalline structure a single minimization will yield
the free energy values for both the solid, {Aj} 6= 0, and
liquid {Aj} = 0. In the more generic case of multiple
crystalline structures, a minimization is required for each
solid phase; the set of free energies are then compared and
only the minimum is kept. This [minimum] free energy is
then shifted as per Eq. (28) and passed to Mathematica’s
convex hull finding algorithm, which acts as a common
tangent finding algorithm when passed a 1-dimensional
landscape. This procedure is repeated for each pressure
and/or temperature of interest.
Using the conserved dynamics described by Eqs. (12)
we validate the accuracy of the mode expansion approx-
imation used to generate phase diagrams for the case of
a eutectic alloy. Without loss of generality, we consider
an alloy of structurally similar elements, differing only
in the equilibrium lattice parameters of the constituent
elements.
The initial conditions are set algorithmically based on
a reference system to ensure that the system does not ex-
hibit a pressure significantly different than the set target.
The algorithm is as follows:
1. The temperature, mean composition, expected
phases, and initial phase composition offset rela-
tive to the mean are selected.
2. The structure or structures are seeded into the liq-
uid, and both phases are offset in composition in
opposite directions from the mean by a small offset.
For example, for an expected coexistence between
the α solid and liquid, the solid would be offset by
−coffset while the liquid would be offset by +coffset.
We found that this offset is not strictly necessary,
but helps to speed up the equilibration so long as
the offset is in the proper direction.
3. If a liquid-solid coexistence is selected, the solid is
given a small total density increase.
4. If a eutectic coexistence is selected then a bi-crystal
is seeded with a given misorientation.
5. Equation (23) is iterated without changing the vol-
ume element until the system is suitably close to
the target pressure, |ω − P0| ≤ 10−6.
Once these steps are complete, the total number of par-
ticles is calculated and will be conserved in all further
iterations; this state serves as the initial condition for
the simulation.
All simulations used to verify our phase diagram were
performed on a 128 by 1024 pixel grid using a square
volume element with initial size ∆x(t = 0) ≈ 0.0815 and
7reference temperatures of T0 = TM = 1.0. To assist
with rapid equilibration, the mobilities were set to be
extremely high compared to the pressure relaxation co-
efficient: MA = MB = 20, Mp = 0.1. After equilibration
of the simulation the resulting bulk concentration and
bulk average total density for each phase is compared
to that of the numerically approximated phase diagram
as shown in Fig. 2. To avoid repeated overhead in the
form of initialization, wherever possible the simulations
were continued and quenched by steps of ∆T = 0.01 over
10000 simulation steps. For the eutectic simulations, a
misorientation of 0.1 rad ≈ 5.73◦ was used. When deep
in the eutectic coexistence region, the composition pro-
files of a bi-crystal exhibit long wavelength oscillations
about their equilibrium values on length-scales greater
than the lattice planar wavelengths. This is due to the
fact that for a solid-solid system with two differing lattice
constants it is not possible to create a box size commen-
surate to zero stress in both crystals.
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FIG. 2. Constant pressure phase diagram for a eutec-
tic triangle-triangle system. The reduced model pressure of
P0 = 0.01. The parameters used in the ideal free energy
were t = 1.4, v = 1.0, w = 0.02, c0 = 0.5, and (T ) = 0
for simplicity. The correlation kernel of the excess free en-
ergy used parameters k
(A)
10 = 2pi, σ
(A)
10 = 0.8, T
(A)
M = 1.0,
k
(B)
10 = 7.83185307179586 ≈ 2.5pi, σ(B)10 = 0.8, and T (B)M = 1.0.
The equilibrium coexistence concentrations as numerically
calculated by mode expansion are shown in filled black cir-
cles while the concentrations extracted from the bulk con-
centrations of the dynamical simulations between liquid-solid
coexistence are shown in hollow gray circles and those values
extracted from dynamical simulations for solid-solid coexis-
tence are shown in hollow gray squares.
V. PRESSURE CONTROLLED PHASE
TRANSFORMATION KINETICS
In this section we demonstrate the ability to control
various non-equilibrium phase transformations through
the system pressure. Each of the following demonstra-
tions can be achieved through quenches in temperature,
however, here, we will be considering an isothermal sys-
tem subjected to compression or tension only.
In each of the following simulations we will consider
a 128 × 1024 pixel grid with square volume elements
with initial size ∆x ≈ 0.0818 and a constant reduced
temperature τ = 0.15, with reference temperatures of
T0 = TM = 1.0. The ideal free energy fitting parame-
ters are t = 1.4, v = 1.0, w = 0.02, and c0 = 0.5. For
simplicity we will set the enthalpy of mixing (T ) = 0
for all temperatures. We consider the two-phase equi-
librium system consisting of α and β solid phases, with
each differing in their lattice parameters. To assist with
rapid equilibration, the mobilities were set to be ex-
tremely high compared to the pressure relaxation coeffi-
cient: MA = MB = 20, Mp = 0.1.
As a point of clarification, in the following sections we
will often refer to processes occurring over a fixed num-
ber of “simulation steps”, which refer to a scaled physical
time rather than the actual numerical time-steps due to
the adaptive nature of the dynamical time-stepping dis-
cussed in Sec. III C. The times have all been rounded to
the nearest output call.
A. Control of Pre-melted Inter-phase Boundaries
When solids containing interfaces or interphase bound-
aries approach their melting temperature, they have a
propensity to undergo a phenomenon known as pre-
melting [26–28]. During this transition, a disordered,
meta-stable liquid-like film forms between the abutting
solid phases. With the width of the liquid layer depend-
ing on the energetic differences between bulk solid and
liquid phases, and thus decreases with decreasing tem-
perature. The formation of the liquid layer is linked to
the cost of maintaining the inter- face or phase boundary
energy or its decomposition to distinct solid-liquid inter-
facial energy. For the case of our eutectic system, below
the eutectic, the condition for pre-melting exists when
γαβ > γαL + γβL.
To avoid the growth of either phase this simulation is
set up with a system concentration of 〈c〉 = 0.5 such that
we have equal phase fractions. The system parameters
are the same as those described in the caption of Fig. 2.
The misorientation between grains in the bi-crystal is
initially set to 0.2 rad ≈ 11.459◦
A schematic of the simulation cycle is shown on a con-
stant temperature phase diagram in Fig. 3. While the
results of the simulation are shown in Fig. 4, where the
average concentration profile over time and a selection
of density-concentration visualizations are depicted. The
target pressure was initially set to P0 = 0.01 and the sys-
tem was allowed to equilibrate for 20000 simulation steps.
This initial pressure and temperature combination was
chosen such that the system was slightly above the eutec-
tic pressure and would therefore exhibit pre-melting. The
target pressure is then quenched to P0 = 0.03 over 10000
simulation steps and allowed to equilibrate for a further
10000 simulations steps. Under this quench we see that
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FIG. 3. Schematic view of the simulation cycle demonstrat-
ing pressure mediated control of pre-melted boundary width,
with dashed lines showing the expected equilibrium phases of
the system at points A, and B. The system will start with
a pressure and total concentration corresponding to point A.
After a period of equilibration the system pressure will be
quenched to point B. After a further equilibration the system
will be quenched back to point A.
the inter-phase boundary narrows significantly and the
amplitude no longer decays to zero between phases. We
then quench back to the original pressure of P0 = 0.01
over a further 10000 simulation steps and allow for a
further equilibration of 20000 simulation steps. Having
returned to the initial condition, we see that there is once
again an increased level of pre-melting, however it is re-
duced compared to the original amount. This is due to
a minor change in the crystallographic orientation of the
grains resulting in a change in the misorientation of the
grains, which changes the solid-liquid interfacial and the
eventual grain boundary energies.
B. Control of Thermodynamic Stability
While most metallurgical processes of casting are per-
formed at atmospheric pressure conditions [29, p. 287],
after casting the treatment of many industrially relevant
materials include processes such as annealing and rolling
to induce re-crystallization and control grain size and dis-
tribution [29, Ch. 7]. With the present model we demon-
strate that changes to the pressure that a system experi-
ences can affect the stability of its various phases.
To ensure phase elimination we consider a system at
〈c〉 = 0.3, such that there is a preferred fraction of a
particular phase. A schematic of the simulation cycle
is shown on a constant temperature phase diagram in
Fig. 5. Results are observed in Fig. 6, where we show
the average concentration profile over time and a selec-
tion of density-concentration visualizations. The target
pressure is initially set to P0 = 0.01 and the system is
allowed to equilibrate for 20000 simulation steps. The
target pressure is then quenched to P0 = 0.0025 over
10000 simulation steps before being allowed to equilibrate
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FIG. 4. (Top left) Concentration vs time of the pressure
mediated changes to thermodynamic stability. The concen-
tration shown at each time is the concentration value aver-
aged over the short direction of the channel. (Top right) The
grand potential density of the system at the time correspond-
ing to the value in the top left . (Upper middle) The density-
concentration profile of the system at the t = 15000 simula-
tion step represented by the solid horizontal line in the top
left figure. At this time the pressure is at P = 0.01. (Lower
middle) The density-concentration profile of the system at
t = 35000 simulation steps represented by the dotted line in
the top left figure. At this time the pressure is at P = 0.03.
(Bottom) The density-concentration profile of the system at
t = 65000 simulation steps represented by the dashed line in
the upper left figure. At this time the pressure has once again
returned to P = 0.01.
for a further 10000 simulation steps. Over the course of
this pressure quench and equilibration, it is evident that
both phases undergo melting, however the β-phase melts
completely due to the quench being below the eutectic
pressure. This process is then reversed by a pressure
quench to P0 = 0.04 over 30000 simulation steps. At
some point after the simulation has surpassed the orig-
inal pressure of P0 = 0.01 the system precipitates the
β-phase from the over-saturated liquid. This hysteresis
is due to the metastability of the over-saturated liquid
and the fact that this simulation was performed without
noise. The eventual precipitation is mediated by the cor-
relation length of the α phase penetrating into the liquid
— i.e. the solid phase heterogeneously nucleates from
the solid-liquid front.
C. Non-Equilibrium Inter-Phase Boundary Motion
In this sub-section we demonstrate strain-induced de-
viation from the equilibrium phase diagram and the
resultant non-equilibrium inter-phase boundary motion
that occurs due to this process. It is noted that as with
all structural PFC models, this current model does not
presently have an explicit coupling between the pressure
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FIG. 5. Schematic view of the simulation cycle demonstrating
pressure mediated control of thermodynamic stability, with
dashed lines showing the expected equilibrium phases of the
system at points A, B, and C. The system will start with a
pressure and total concentration corresponding to point A.
After a period of equilibration the system pressure will be
quenched to point B. After a further equilibration in which
the beta phase completely melts the system will be quenched
to point C; over the course of the quench the beta phase nucle-
ates from the solid-liquid front. After the quench is completed
the system is once more allowed to equilibrate for some time.
of the system and the lattice parameter of the crystal.
As such, if the crystal is allowed to relax to its proper
lattice parameter at one pressure it will not be able to
both maintain its proper lattice parameter and simula-
tion box coherency should the pressure change, barring
crystallographic rotations or re-crystallization.
In the simulations presented in this sub-section, we
consider an overall system concentration of 〈c〉 = 0.4 and
excess free energy parameters k
(A)
10 = 4pi/
√
3, σ
(A)
10 = 0.8,
T
(A)
M = 1.0, k
(B)
10 = 1.1k
(A)
10 , σ
(B)
10 = 0.8, and T
(B)
M = 1.0
such that the increased overlap between peaks will result
in larger solubility.
A schematic of the simulation cycle is shown on a con-
stant temperature phase diagram in Fig. 7. We show
the results of the simulation in Fig. 8, where the average
concentration profile over time and a selection of density-
concentration visualizations are displayed. The target
pressure was initially set to P0 = 0.005 and the system
was allowed to equilibrate for 20000 simulation steps.
The target pressure was then quenched to P0 = 0.01
over 10000 simulation time steps before being allowed
to equilibrate for a further 60000 simulation time-steps.
The pressure quench and resultant change in volume took
the system entirely off equilibrium due to box strain ef-
fects. As the α-phase in this system has the larger lattice
parameter, it is energetically favourable for this phase
to take on additional solute, lowering its effective lat-
tice parameter and reducing strain. Due to the limited
amount of solute in the system the β-phase has two op-
tions — lower its volume fraction or lower its concen-
tration. As lowering its concentration would increase its
lattice parameter and therefore its strain, the energeti-
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FIG. 6. (Top left) Concentration vs time of the pressure
mediated changes to thermodynamic stability. The concen-
tration shown at each time is the concentration value aver-
aged over the short direction of the channel. (Top right) The
grand potential density of the system at the time correspond-
ing to the value in the top left figure. (Upper middle) The
density-concentration profile of the system at t = 15000 sim-
ulation step, as represented by the solid horizontal line in the
top left figure. At this time the pressure is at P = 0.01.
(Lower middle) The density-concentration profile of the sys-
tem at t = 35000 simulation steps as represented by the dot-
ted line in the top left figure. At this time the pressure is
at P = 0.0025. (Bottom) The density-concentration profile
of the system at t = 80000 simulation steps as represented
by the dashed line in the upper left figure. At this time the
pressure is at P = 0.04.
cally favourable choice is to lower its volume fraction and
thus the inter-phase boundary moves.
VI. STRESS INDUCED GRAIN BOUNDARY
MOTION AND SOLUTE DRAG
Control of the growth and coarsening of grains in
a solid state material is of particular practical interest
due to the intimate relationship between the distribution
of grain size and macroscopic material properties [29,
Ch. 7]. One of the means by which one can control
coarsening is by the addition of various solutes which
are attracted to the grain boundaries and have been long
known to drag the motion of these boundaries [30, 31].
While some work has been done in PFC modelling to
study solute drag on moving grain boundaries [11], this
work relied on artificial driving forces through ad-hoc im-
positions of orientation biases.
In this section we demonstrate as a proof of concept
the strain induced stress driven grain boundary motion
under isobaric conditions for the purposes of studying so-
lute drag. Similar to the simulations discussed in Sec. V,
we will consider a binary system where both the solute
and solvent prefer a triangular lattice symmetry. For
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FIG. 7. Schematic view of the simulation cycle demonstrat-
ing pressure mediated control of non-equilibrium inter-phase
boundary movement. The system will start with a pressure
and total concentration corresponding to point A. After a pe-
riod of equilibration the system pressure will be quenched to
point B and allowed to equilibrate. Strain on each phase of
the bi-crystal will result in non-equilibrium concentrations.
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FIG. 8. (Top left) Concentration vs time of the pressure me-
diated inter-phase boundary movement. The concentration
shown at each time is the concentration value averaged over
the short direction of the channel. (Top right) The grand
potential density of the system at the time corresponding
to the value in the top left figure. (Middle) The density-
concentration profile of the system at t = 15000 simulation
step, as represented by the solid horizontal line in the top left
figure. At this time the pressure is at P = 0.005. (Bottom)
The density-concentration profile of the system at t = 77000
simulation steps as represented by the dotted line in the top
left figure. At this time the pressure is at P = 0.01.
completeness, we added a k = 0 mode to the correla-
tion function here in order to control the bulk modulus
of our phases and the density jump between them. A
depth, Bx = 1.0, and width, σ0 = 0.8 of the Gaussian
controlling the bulk modulus was chosen to be a constant
between phases for simplicity; additionally, the depth of
this well was chosen to be temperature independent. The
correlation kernel with this addition takes the form
C˜i(k) = −Bx
τ
e
− k2
2σ20 + e
− TTM e
− (k−ki)
2
2σ2
i , (35)
where for convenience the peak widths have been chosen
to have low degrees of overlap. Some care must be taken
in selecting either the width of this Gaussian or the cutoff
wavelength of the density-smoothing kernel. Should the
cutoff wavelength of the smoothing kernel be significantly
larger than the width of the k = 0 mode of the correlation
kernel oscillatory behaviour in concentration can result
on wavelengths that are considered long by the smooth-
ing kernel but not penalized by the correlation function.
The two-point correlation function of a real material dis-
plays a low-k shelf which smoothly transitions to the first
peak of the structure. In the XPFC formalism, correla-
tion kernels can have a plateau between this shelf and the
first peak — it is this control over parameters that results
in this oscillatory behaviour for sufficiently poor param-
eter choices. Thus, reducing the extent of this plateau
leads to a reduction of undesirable oscillations in concen-
tration. The phase diagram for this system is shown in
Fig. 9 with the thermodynamic parameters discussed in
the figure caption.
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FIG. 9. Phase diagram for the triangle-triangle system with
a constant model pressure of P = 0.05. The parameters used
in the ideal free energy were t = 1.4, v = 1.0, w = 0.02,
c0 = 0.5, and (T ) = 0 for simplicity. The correlation kernel
for the excess free energy used parameters of k
(A)
10 = 4pi/
√
3,
σ
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10 = 0.6, T
(A)
M = 1.0, k
(B)
10 = 2pi, σ
(B)
10 = 0.8, and T
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M =
1.0. The k = 0 peak which controls the bulk modulus of the
system was set to a depth of Bx = 1.0 and width of σ0 = 0.8
for all phases. The red star denotes the 〈c〉 and τ values at
which the simulation will occur.
To generate a system with a driving force between two
crystals of the the same phase, we first generate two
super-cells for the crystals using a 64 × 64 pixel grid
with rectangular volume element with initial size and
constant temperature of τ = 0.1, reference temperatures
T0 = TM = 1.0, and average concentration of 〈c〉 = 0.05
(a generalization of the number conserving feedback loop
to a rectangular volume element is discussed in Ap-
pendix A). In this case the super-cells correspond to two
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unstressed boxes with a commensurate crystals at ori-
entations of θ = 0.0◦ and with initial volume elements
∆x(t = 0) = 0.12487858552217967 and ∆y(t = 0) =
0.14419736993450027 and θ ≈ 3.67◦, respectively, with
respect to the short axis of the eventual channel, with ini-
tial volume elements ∆x(t = 0) = 0.12099641271809497
and ∆y(t = 0) = 0.13971462290754239. Just as they do
not start equal, the volume elements of the two super-
cells are not equal post relaxation. Thus, seeding the
density profile of one of the super-cells into a box with
differing dimensions imposes a stress on that crystal. We
use this concept to seed the initial condition of the solute
drag channel; we set the volume elements of the simula-
tion to that of the relaxed θ = 0.0◦ super-cell and copy
the density profile of the θ = 0.0◦ super-cell to one part
of the simulation domain and the density profile of the
θ ≈ 3.67◦ super-cell to the remainder of the domain. This
set-up corresponds to an approximately isotropic strain
on the box-misaligned crystal of ≈ 3%.
Once this system has been seeded we allow it to reach
as close to an equilibrium as it can achieve without chang-
ing the physical structure of the system at any given po-
sition. To facilitate this ”pseudo-equilibration” we run
dynamics on the long wavelength components of the free
energy using model A dynamics.
∂(χ ∗ ρi)
∂t
≈ −Mi
(
χ ∗ δF
δρi
)
(36)
Once the pseudo-equilibration is complete we simulate
the normal conserved dynamics of each density field at
a constant system pressure of P = 0.05 and density mo-
bilities of MA = MB = 1.0. To ensure that no crystal-
lographic rotation of the crystal occurs during the simu-
lation we hold the short direction at a constant length,
adjusting only the length element in the long direction.
Additionally, we reduce the stress in the long direction by
utilizing a scheme used by Berry et al. [32] and introduce
a penalty function to the edges of the system which gen-
erates an artificial liquid. The results of this simulation
are shown in Fig. 10 and Fig. 11. The unstressed crys-
tal, being more energetically favourable than the stressed
crystal, begins to consume the stressed crystal. Solute is
attracted to the grain boundary due to its relatively dis-
ordered nature, and thus as the grain boundary moves
so too must the solute peak. A thorough examination of
the individual component mobilities on the speed of the
grain boundary motion will be the topic of an upcoming
paper.
VII. CONCLUSION
We have presented a relationship that consistently
maps the concentration, a long-wavelength field, on to
the constituent density fields of a binary alloy, thus mak-
ing consistent the underlying assumptions used to derive
the alloy XPFC model. We have further re-formulated
XPFC dynamics in terms of the chemical potentials of the
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FIG. 10. (Top left) Concentration vs time of the strain in-
duced stress driven grain boundary motion. The concentra-
tion shown at each time is the concentration value averaged
over the short direction of the channel. (Top right) The grand
potential density of the system at the time corresponding to
the value in the top left figure. (Middle) The concentration
profiles averaged along the short dimension at t = 25000 and
t = 35000 as represented by the solid and dashed lines in
the top left figure respectively. (Bottom) The total density
profiles averaged along the short dimension at t = 25000 and
t = 35000 as represented by the solid and dashed lines respec-
tively.
individual component densities, thus allowing for proper
conserved dynamics in alloys, as well as independent con-
trol of the component mobilities. We have presented a
more consistent formulation for the control of pressure
than previously done, through volume dynamics and ap-
plied these dynamics to an XPFC alloy for the first time,
to our knowledge. We have elucidated the means of gen-
erating isobaric phase diagrams and dynamical simula-
tions within the XPFC alloy formalism. We tested the
fidelity of dynamical simulations against the correspond-
ing phase diagrams. We also demonstrated the ability to
control kinetic processes through changes in pressure, an
important avenue for controlling phase transformations
not previously available in the PFC literature. Finally we
have provided a proof of concept for consistently simulat-
ing strain induced stress driven grain boundary motion,
which could be used for the study of solute drag effects.
This work also allows various other strain effects to be
considered more consistently as shown in Section V C.
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FIG. 11. Density-concentration profiles of the system for some
selected sub-domain of the system to show various features.
(a) The first 1400 pixels in the x-direction to demonstrate the
liquid penalty layer as well as the system structure at early
times, t = 1000. The y-direction is repeated 3 times in this
figure for ease of visualization. (b) An 800 pixel snapshot
at t = 25000 as represented by the solid line in Fig. 10. (c)
The same 800 pixels as (b) but at later time t = 35000 as
represented by the dashed line Fig. 10.
sources.
Appendix A: Rectangular volume elements and
anisotropy
Specializing to two dimensions and generalizing to a
rectangular volume element Eqs. (23) and (24) become
ρ¯(x, y, t+ ∆t) = ρ¯(x, y, t)e−
Mp(ω¯−P0)
∆x∆y , (A1)
Jisotropic = −
√
∆x(t)∆y(t)+
√
∆x(t0)∆y(t0)
∫
V
d2rρ(t)∫
v
d2rρ(t0)
.
(A2)
To further allow for relaxation of any box stresses we
also introduce an anisotropic component to the volume
flux in the form of an approximated strain energy. Since
the ideal contribution should not support any anisotropic
stresses we consider only the excess energy when formu-
lating our phenomenology. Thus to crudely measure the
change in energy of a given deformation of system as a
whole we propose the phenomenological but qualitative
form
x =
1
V
∫
V
d2r n(r)F−1
{
∂C˜nn(k)
∂kx
n˜(k)
}
,
y =
1
V
∫
V
d2r n(r)F−1
{
∂C˜nn(k)
∂ky
n˜(k)
} (A3)
where F−1{...} denotes the inverse Fourier transform.
Such a form has a few attractive features for a single
bulk phase; it is agnostic to both the structure of the
density field and the box dimensions; it vanishes both in
the presence of a liquid and an unstressed crystal; most
importantly it is easy to calculate numerically. As we are
mostly interested in the stress present in bulk phases, we
have explicitly neglected the contribution of gradients in
the concentration, under the assumption that they will
be negligible far from grain boundaries, interfaces, and
explicit defects. Such an assumption is motivated in part
by the fact that the grand potential is only strictly analo-
gous to pressure in the absence of interfaces and defects.
In this paper we have found generally good results us-
ing the grand potential as a stand-in for pressure across
various systems with interfaces; we thus assume that an
anisotropy motivated by bulk phases can similarly be ap-
plied to coexistence.
To apply this anisotropy the guess-check-correct algo-
rithm is slightly modified. The expected change in vol-
ume element is calculated with an anisotropic contribu-
tion as
δ(∆x) ≈ ∆tMp
∆x+ ∆y
(ω − P0),
δ(∆y) ≈ ∆tMp
∆x+ ∆y
(ω − P0) + ∆tMp∆x
∆x+ ∆y
(y − x)
(A4)
where we have chosen to only apply the anisotropy to
the y-component so as to not double count the isotropic
driving due to the crystal elasticity. In this case the time
step is scaled based on the larger of the two expected
changes to the volume elements. Next the density is ad-
justed as per Eq. (A1) before changing ∆x and ∆y as
given by Eq. (A4). Finally, Eq. (A2) is applied to both
∆x and ∆y to ensure proper number conservation.
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